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This paper is inspired by two problems. 
Chatuctetize the retpacts of a graph. In this respect this paper continues the 
investigations of [2-6]. 
Ck&fi gruphs u.ccor&ng to their retracts. In this respect this paper begins the 
classification theory for graphs, initiated by D. Duffus and I. Eva1 in [l] for 
ordered sets. 
For a graph G let V(G) denote its vertex set and E(G) E V(G) x V(G) its edge 
set. A graph H is a retract of the graph G if there are edge-preserving maps, f of 
V(H) to V(G).. and g of V(G) to V(H), satisfying g 0 f(u) = 27 for each v E V(H). 
Our interest in this paper is with the retracts of a reflexive graph-an undirected 
graph without any multiple edges but with a loop at every vertex (cf. Fig. l(a)). In 
[2] we have shown, for instance, that in a reflexive graph every cycle of minimum 
order and e:uery isometric tree is a retract. 
For graphs G and H the direct product G x H is the graph with vertex set 
V(G) x V(H) and edge set consisting of all pairs ((a, x), (6, y)) where (a, 6) E E(G) 
and (x, y)~ .E(H) (cf. Fig. l(b)). 
A representation f a reflexive graph G is a family (Gi 1 i E I) of reflexive graphs 
such that each Gi is a retract of G and G is itself a retract of the direct product 
ni,, Gi. (See Fig. 2.) G is imeducible if, for every representation (Gi 1 i E I) of 
G, G is a retract of Gi for some i E I; otherwise, G is reducible. 
A path P is a graph whose vertex set consists of a sequence 
uo, u1, u2, - - ’ , %, l - ’ of distinct vertices and (a,, &) E E(P), for each i = 
1,2,... ; the length I(P) of a finite path P = (uO, al, u2, . . . , a,,:) is a, where n 3 1. 
*The work presented here was supported in part by N.S.E.R.C. Operating Grants No. A4077 and 
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Fig. l(a). The s&graph H (with shaded vertices) is a retract of the reflexive graph G. 
We use P” to stand for the reflexive graph which consists of a path of length n, a 
loop at each vertex. and no further edges. For each rz Z= 1, P, is kreducible. 
JE n 2 2, and a, = a,, then the finite path P = (uO, a,, u2, . . . , a,,) is a cycle 
(of length n). Let Cn srand for the reflexive graph consisting of a cycle of length n, 
a loop at each vertex, and no further edges. For each rr 2 4, C,, is irreducible. C3 
has a representation (P,, P2) and both C1 = Pt, and C2= P2 are irreducible. 
A reflexive graph ouriefy is a class “cr of reflexive graphs which contains all direct 
products of members of V [P(V) c V] and which contains all retracts of members 
of V [R(V) 5 T]. For a class X of reflexive graphs let X” stand for the smallest 
reflexive graph variety containing X. In fact, 3V’ = M(X). 
Let 9 denote the smallest reflexive graph variety which contains all finite 
reflexive paths P,, (n 2 1); that is 9= (P”, i rt 2 I)“. Our principal result is this 
charactekation of the members of 9. 
Tkorem. A reflexiue pzph is u member of 9 if and only if it satisfies the path-gap 
property. 
GxH 
Fig. l(b). The direct product G x H. 
P3 is a retract of G. G is a retract of P3 x P,. 
Fig. 2. (P,, P3) is a representation f G. 
We also begin the study of the collection of all reflexive graph varieties. The 
intersection of a family of reflexive graph varieties is a reflexive graph variety and 
the class of all reflexive graphs is a reflexive graph variety which contains all 
others. With respect to inclusion, then, the collection of all reflexive graph 
varieties behaves much as a complete lattice-called the lattice of reflexive graph 
oarieties. In this lattice, for example 
and 
{PO)” <{PI)” <{&)y <* . . <{P,_*}” <{Pm)’ < l * l 
9 = sup({P,}” 1n 2 I) 
is the reflexive graph variety containing all paths. 
The gap Property 
For vertices a, b of a graph G the distance d&o, b) between a and b in G is 
the least length (if it exists) of a path joining a to b. A subgraph H of a graph G is 
isomedric in G if dJa, b) = d&a, b) for each a, b E V(H). 
It is easy to verify this. If the subgraph H of the graph G is a retract, then I-9 is 
isometric in G. 
A gap of G is a sequence of ordered pairs 
((v,J%u)) I v E w, 
where ti is a map of the nonempty subset V of V(G) to N and V is a subset 
of V(G) of minimum order such that there is no vertex u of G satisfying 
for all v E V. The minimality of V means this: If V’ $ V, alld V’ has smaller order 
than V, then there is U’E V(G) satisfying d&u’, v) <S(v) for each v E V’. 
For example, if we put S(v) = 1 for each vertex v of the cycle C4, then we 
obtain the gap ((a,, l), (al, l), (uZ, l), (ax, 1)). On the other hand, 
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Fig. 3. (a) ((a,. 0, ia,, 1). (a,, 1). (a,. 1)) is a gap of C., but (b) ((a,, 2), (a,, 2h (a,, 2h (a,, 2)) is not 
a gap of C.. 
(bO, 2). (a,. 3, (az, 2): bb 2)) is not a gap of C.. (!See Fig. 3.) The sequence 
((U~~l)~i=0~1,2,-..~ n) is not a gap of the path P,, although ((a,,, I), (h, 1)) is a 
gap if n b 3. (See Fig. 4 .) Every graph G with at least two distinct vertices a, b has 
a gap: ((a. O), (b, ON. 
Pictorially we might illustrate gaps by a shaded vertex with dotted edge (path) 
connections to indicate the missing vertex. (Although all of the graphs treated 
here are reflexive WC’ shall for convenience omit the loops in all subsequent 
figures.) 
LAHMI~ 1. Let H be Q subgruph of a grcqh G and let ((u, 6(u)) 1 u E L-9 be a gap of 
H. lf g is an edge-preserving map af V(G) to V(H) such that g(u) = v for each 
u E V(H) [that is, H is a retract of G), then ((u, 6(u)) 1 u E V) is a gap of G. 
Proof. We need only observe that if there is u E V(G) such that 
d&. UN s(u) 
for all u E V then, since g is edge-preserving 
d,,(gW, g(uW Mu, u) 
and. as g(u) = u for all u E V, 
d&(u), ~1s W 
for all u E V, which is a contradiction. 0 
?hi~ lemma generalizes the ‘isometry’ properey of retracts. To see this let g be 
an edge-preserving map of V(G) to V(H) satisfying g(u) = v for each u E V(H). 
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Fig. -1. (a) (a,,, 1). (a,, I), (a,, 1) is not a gap of P2. (b) (a,,, l), (a,,, 1) is a gap of P,,, provided n 23. 
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Let a, b be distinct vertices of H and let m = &(a, b). Now, define d of 
(K b}E VW) to&I by )S(a)=O and 6(b)=m-1. Now ((a,O),(b, m-l)) isagapof 
H since if d&u, a)s6(a)=O, then u =a but d&z, b)$S(b). From Lemma 1, 
((a, O), (b, m - 1)) is a gap of G; in particular, d&a, b)* m = dH(u, b) SO 
&(a, b) = Ma, b). 
In at least one important case the isometry property of a subgraph ensures that 
it is a retract. We shall use this result from [5] several times in the sequel. 
tit G be a @exive graph and let T be a subgraph of G without any cycles [that 
is, T is a tree]. ‘I&en T is a retract of G if and only if ‘I’ is isometic in G. 
We say that a graph H separates the gap 
((UP W)) I 2) E w 
of the graph G if there is an edge-preserving map f of V(G) to V(H> such that 
there is no vertex w of H satisfying 
dH(w, f (4) s W) 
for each v E V. The map f is also said to separate this gap. For instance, the gap 
((b,, l), (b3. 1)) of Ca is separated by the path P3 using the map f(b,) = ao, f(b,) = 
f@ 1 = aI, fW = f(h) = a2, f(b) = a- of G = (b,, h b2, b, h, bJ to Ps = 
(a,: a,, a2, a,). On the other hand, theagap ((a,,, I), (a,, 1), (a,, l), ( a3, 1)) of C.. 
cannot be separated by any graph with fewer than four vertices. (See Fig. 5.) 
Lemma 2. Let G, H be graphs, let ((v, 6(v)) 1 v E V) be a gap of G and let f be an 
edge-preserving map of V(G) to V(H). If V is finite and if f separates this gap 
of G, then the sequence ((f(v), S(v)) 1 v E V) is a gap of If. 
Proof. Fit we verify that the sequence ((f(v), 6(v)) 1 v E if) is well-defined by 
showing that f is one-to-one on V. Let f(vo) = f(vl) for v. # v1 in V and suppose 
that 6(v,)=3(vI). From the minimality hypothesis about V, there is u1 E V(G) 
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Fig. 5. (a) Pa separates the gap ((b,, l), (b,, 1)) of C,. (b) Pa does not separate the gap ((h,, u, 
t&r Mb,, 1)) of c,. 
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such that 
&,(u,, u)~S(u) for each u E V-(u,}. 
This implies that 
dH(f(u,), f(u)H6(u) for each u E V-{u,). 
But 
d&u,), f(uM6(u) for every 2, E V. 
This is a contradiction. Therefore, f is one-to-one on V. 
Suppose that U 5 f< V) and there is no vertex w E V(R) such that 
&hf(u))~6(u) for each f(u)E U. 
Let V’s V such that f( V’) = U. As ((u, 6(u)) 1 u E V) is a gap of G there is 
U’E V(G) such that 
&(u’, uMS(u) for r:ach UE V’. 
This implies that 
&(f(u’J, f(uW6(u) for each f(uk U, 
which is impossible. 0 
Let X be a class of graphs. We say that a graph G satisfies the X-gap property 
if. for each gap ((u. S(u)) 1 u E V) of G there is & E X which separates the gap. 
Lemma 3. Let G, H and (Gi 1 i E I) be graphs and let X be a class of graphs. 
(a) If G has the X-gap property and H is a retract of G, then H has the X-gap 
property_ 
(b) lf each Gi has the X-gap properry, thm ni,=l Gi has the X-gap property. 
fiti+;. (a) Let H be a retract of G. We may ~~:ppose that H is a subgraph of G 
;lnd that c, is an edge-preserving map of V(G) tr F V(H) such that g(u) = u for each 
~1 E V(H). Let ((u, S(rj)) 1 u E V) be a gap of H. Then according to Lemma 1, 
i( u, 6( ~11)  u E V) is a gap of G. By hypothesis, and from Lemma 2, there is KS E X 
and an edge-preserving map f of V(G) to V(K,) such that ((f(u), 6(u)) 1 u E V) is a 
gap of KS. Then the subgraph with vertex set f( V(H)) of & also separates this 
gap and so KS actually separates the gap of H, that is, H too has the X-gap 
propcrty. 
(b) Le? ((0,6(u)) 1 u E V) be a gap of nie, Gi. Then, applying Lemma 2, there is 
some i E I, such that ((ni(a), (S(U)) 1 u E V) is a gap of Giy where 7ti is the ith 
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projection of Va,, Gi) onto V(Gi). (Otherwise, there is w E \‘(Gi) (i E I) such 
that 
dG1(% 7ti(V))s8(V) 
for each v E V whence 
dno,(u, 4 s C(v) 
for each v E V, where u is that vertex of niEI Gi satisfying qi(u) = 4.) From the 
hypothesis there is I& E X which separates ((q(v), 6(o)) 1 v E V) by means of the 
map fi, say. Then I&, also separates the gap ((v, 8(o)) 1 v E V) of flisl Gi by means 
of the map fi 0 vi. In particular, niE1 Gi has the X-gap property. Q 
CwoUaq 4. Let 93 and X be classes of graphs. If each member of E8 has the X-gap 
property then each member of W has the X-gap property. Cl 
CO~O&U~ 5. Each gap of a reducible graph G is separated by a proper retract qf 
G. El 
A dmracttitfon of 9 
In this section we shall complete the proof of our main result. 
We say that a graph G has the path-gap property if, for each gap ((v, 6(v)) 1 v E 
V) of G there is a path PncsJ which separates the gap. 
A reflexive graph is a member of 9 if and only if it satisfies the path-gap property. 
In fact, we prove somewhat more. 
Theorem 6. A reJ4exive graph G is a member of the reflexive graph variety 
containing the paths P,,t1,, P,,(Zjr. . , Pm(i), . . . , i E I, if and only if G has the 
{R(i) I i E hap P?@rty. 
Proof. The necessity of the condition follows as in the proof of Lemma 3(b). The 
proof of the sufficiency is more interesting. 
Let I be an index set that enumerates the gaps of the graph G. Suppose that 
each gap ((v, &(V)) 1 v E Vi) of G, i E I, is separated. on a path Pnci) by means of the 
edge-preserving map fi of V(G) to V(Pn,i,). Let P = &El P,(i) and define the map 
f of V(G) to V(P) by mi 0 f =fi. In this case each gap ((v, S(v)) 1 v E V) will have 
finite V. 
Let a, b be distinct vertices of G. Set d = dJa, 6) if a path from a to 6 exists in 
G, and d = 1 otherwise. Then ((a, 0), (b, d - 1)) is a gap of G. It follows that, for 
some i E I, ((h(a), 0), (A(b), d - 1)) is a gap of P”(i); in particular, fi(a) # h(b). This 
shows that f is one-to-one. In fact, it shows that f(G) is an isometric subgraph of 
P. To see this suppose that there is a path joining a to b. Note that 
44f (a), f(b)) a dpn,,,(fAd, !XbN > d - 1 
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for each i E I, since each fi is edge-preserving. In particular, 
d~lf(a), f(b)) = d = dG(a 6). 
A similar consideration establishes that f-’ is also an edge-preserving map. 
we final item in the proof is to construct an edge-preserving map g of V(P) to 
II(,G) satisfying g 0 f(u) = u for each tl E V(G). There is no loss in generality to 
gssume that G is the subgraph of P with vertex set f(V(G)). Therefore, it is the 
@ne to construct an edge-preserving map g of V(P) to V(G) E V(P) satisfying 
&O = u for each UE V(G). 
kt fi be a well order of V(P), say V(P) = (u, 1 a E a}, such that for any 
o,-, E V(G)% V(P) and for any z),+ V(P) - V(G), a <(Y’ in &B (in other words, 
well order V(P) SO that V(G) comes first). In fact, let JJ = J&@&B2 the linear sum 
of the ordinal St 1 and then the ordinal ln2, satisfying a E Ilt, just if U, E V(G) and 
+ SJt just if v,+ V(P)- V(G). 
we define the tnap g inductively. 
bst, for each Q E (n, put R(Q) = u,. In general, let p E 82 = aI@&. For each 
fl Cgq set 
d(~, fl) = inf((dp(bei9 @) U{d&, us) \ y < p and g(u,) = u,)). 
prEao, set 
SB ={UE V(G) ldp(& u,bd(a,~) for each CXE~,}. 
Notice that if 6 E Or, then d(a, p) = dP(u,, Q); in particular, d(& 8) =0 so 
f+ = {u& whence, g(ue)= u 8. Provided that Sef $! for each p E a, there is a 
cfifroice @%a k SB and any such choice will be edge-preserving (by the construc- 
[ion) and therefore a retraction of V(P) to V(G). Therefore, we must show that 
5&J for each pd2. 
Othe~ise, there is a least #3 E d2 such that SO = $9 but S,. # $9 for each p’ < p. 
$f course, p E ln2 and if /3, < &< 0, then 
dP(q3,’ q3J 2 &(g(u,,), g(u&J). 
Then there is no vertex u G V(G) such that 
ddu, v,)gd(a,p) 
for each a E nt ; that is, 
for wr#e finite &, 5 & is a gap of G. From the construction, there is some i E I, 
for which thlere is no vertex 4 of P”(i) satisfying 
~‘e~,,,(~i, wi(ua )) d d(a, p ), 
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for each (Y E &, that is ‘ 
((%(zI,), d(% 8)) I a g &d 
is a gap of P,(i)- AS IISU~~ label 
P n(i) = bh aa, l l . S %(i))* 
Let 0 < ia< n(i) be the least integer such that 
There is such a least integer since, for example, any v, such that m&u,,) = 4(i) 
satisfies both of the inequalities above. There is then some CQE & such that 
wi(Ud 2 q,, and 
(for otherwise, d p,,,,( Q&,, vi(Ua))<d(a, p) for each U, such that T~(V~)>U,, which 
would contradict the minimality of iO). As Pn(i) separates th’e gap 
((v,, d(cu, 0)) 1 a E d&J of G, there is (Y~ E& such that 
According to the construction of i0 it follows that 
and so 
The remainder of the proof turns on the computation of d(q), p) and d (a Ir 0). 
Case I. Suppose that 
f or a = a0 and (Y = cyl. Then 
& h.U,9 .u,,) s dp(v,,,, v6) + dp(vO, u,,) = dho, P) +di% P) 
which is impossible. 
Case II. Suppose that there is y. c @ such that g(v,,) = v_ and d(ao, p) = 
dp(vVO, 21g), and that there is yl <p such that g(v,,) = 21~~ and /l(c~*, p) = dp(vT,, vs). 
In view of the minimality of 6: E J2 we have that 
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so 
&btW ucc,) s 4% B) + dbl, I9 
which is, again impossible. 
Case III. Suppose that there is ‘yo< #I such that g(uJ = Q, and d(cq,, 8) = 
dp&,, u& and suppose that dp(u,,, uB) = d(al, 8). Again, by the minimaiity of 
BEa 
dc+‘,, “al) s do&,, u,x,) s dp(um, uB) + dp(uB, v,,) 
=db, B)+d(al, @j 
which is once again impossible. 
Case IV. Suppose that dp(u,,, u@) = d(ao, @) and suppose that there is yl<@ 
such that g(v,,) = u=, and d(al, 6) = dp(uy,, ue). This is handled just as in Case III. 
This completes the proof of the theorem. Cl 
heduciie graphs 
To show that each reflexive path P, is irreducible we must show that, for any 
representation (Gi 1 i E I) of P,, P, is a retract of Gi for some i E Z. Suppose that P, 
is not a retract of any Gi. From the definition of a representation, each Gi is a 
retract of P,,, and so each Gi is some reflexive path Pm,, nq en. NOW, for the gap 
(a,,, O), (a,. n - l), there must, according to Lemma 3, be some edge-preserving 
map f of P” to some P,,, mi c n, such that (f(~,,), 0), (f(a), n - 1) is a gap of I&. 
But this is impossible as mi < n. It follows that P,, must be irreducible. 
In a similar fashion we show that each cycle Cn, n a 4, is irreducible. If some C,, 
were reducible, then there are retracts Gi of ca, i E I, such that c is a retract of 
&, Gi but C’” is not a retract of any Gi. Then each Gi must be a path Pw and 
nli s [in 1. NOW, consider the gap 
it y is odd, and 
h I), (c2, I), (~~2, h - 0, (~~2+~, -‘,n - 1) 
if n is even. Then no path P,, can separate the gap. Therefore, C,, must be 
ir-reducible. 
k’ct another class of irreducible reflexive graphs comes up in an interesting 
game-theoretic problem solved recently by R. J. Nowakowski and P. M. Winkler 
171. Let H,, be h t e reflexive graph with vertex set 
(u,,~ aI, a2, - . . . u,,+ bO, h, b2.,  . . , h--J 
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Fig. 6. 
in which the vertices ao, ul, CL~, . . . , u,,_~, are all mutually adjacent and the vertex 
bi is adjacent to ~0, al, u2,. . . , q-l, t~+~, . . . , CJ,,_~. (Fig. 6 shows H, for n = 2,3 
and 4.) In fact, each H,, is irreducible. First observe that 
(609 1x @l, ‘1>, l l l 9 &l-l, 1) is a gap of H,. On the other hand, let G be any 
proper retract of H,, say g is an edge-preserving map of H,, onto G such that 
g(x)=x for each x E V(G). If a vertex q is not fixed by g, then &(g(q), y)~ 1 
for all y E V(G). If on the contrary g(q) t= a, for all-i but some bj is not fixed by g, 
then &(g(b,), y) c 1 for all y E V(G). In any case, there is some vertex z E V(G) 
such that &(y, z) s 1 for all y E V(G). It follows that the gap 
(b,, 0, (h, 0, l l l , &I-l, 1) 
cannot be separated on any proper retract of H,,. In particular, H,, is irreducible. 
Not all irreducible reflexive graphs are finite. Let &, be the reflexive graph 
whose vertex set is {ao, al, u2,. . .}U{b,, bl, bZ, . . .}, in which the ai’s are mutually 
adjacent, and bi is adjacent to all q’s different from ui. (See Fig. 7.) 
To verify that I&, is irreducible two items must be checked. The first is that 
(b,, I), 0% 0, ’ 0 l is a gap of H,,,. Now, any finite retract of H, contains a vertex 
“cd 
Fig. 7. 
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adjacent to all other vertices. Therefore, this gap of I& cannot be separated on 
any finite retract of I&. What about infinite, but proper, retracts of El&? In fact, if 
G is any infinite retract of H, then H, is a retract of G. This is not ha:d to check. 
In conclusion let us verify an observation about the lattice of graph varieties. 
Since P, is, a retract of P, whenever m en it follows that (P,)” &{Pn)y in the 
lattice of reflexive graph varieties. According to Theorem 6, P,& {P,)” whenever 
m C n so we conclude that (P,)” <{P$. 
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